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INFINITE-DIMENSIONAL FROBENIUS MANIFOLDS
UNDERLYING THE TODA LATTICE HIERARCHY
CHAO-ZHONG WU AND DAFENG ZUO
Abstract. Following the approach of Carlet et al.(2011)[7], we
construct a class of infinite-dimensional Frobenius manifolds un-
derlying the Toda lattice hierarchy, which are defined on the space
of pairs of meromorphic functions with possibly higher-order poles
at the origin and at infinity. We also show a connection between
these infinite-dimensional Frobenius manifolds and the finite-dimensional
Frobenius manifolds on the orbit space of extended affine Weyl
groups of type A defined by Dubrovin and Zhang.
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1
21. Introduction
The concept of Frobenius manifold was introduced by Dubrovin
[12, 13] as a geometric formalism of the Witten-Dijkgraaf-E.Verlinde-
H.Verlinde (WDVV) equation in topological field theory [10, 24]. As-
sociated to every Frobenius manifold, there is a so-called principal hi-
erarchy of Hamiltonian equations of hydrodynamic type, in which the
unknown functions depend on one scalar spatial variable and some time
variables. Under certain general assumptions, the principal hierarchy
can be extended to a full hierarchy [18, 15] with a tau function that
plays an important role in relevant research areas such like topological
field theory.
Trials to extend the above programme to integrable systems with two
spatial dimensions started in recent years. The first step was made by
Carlet, Dubrovin and Mertens [7] in consideration of the dispersionless
(2D) Toda lattice hierarchy [23], in which the first nontrivial 2 + 1
evolutionary equation reads
∂2t u = ∂
2
xe
u + ∂2yu
for unknown function u = u(x, y, t). It turns out that the underlying
Frobenius manifold is of infinite dimension. Following their approach,
a class of infinite-dimensional Frobenius manifolds was constructed by
Xu and one of the authors [26] for the dispersionless two-component
BKP hierarchy, and these manifolds are related to finite-dimensional
Frobenius manifolds corresponding to Coxeter groups of types B and D
[1, 13, 27]. Along the same line, now we want to revise and generalize
the construction in [7] with some skills developed in [26]. More ex-
actly, for the dispersionless Toda lattice hierarchy, we will find a family
of infinite-dimensional Frobenius manifolds labeled by a pair of positive
integers (M,N), among which the (1, 1) case is similar to, but not ex-
actly the same as, with the Frobenius manifold given in [7]. Moreover,
these infinite-dimensional manifolds will be reduced to Frobenius man-
ifolds of M +N dimension that were constructed on the orbit space of
extended affine Weyl group W˜ (N)(AM+N−1) [17]. Thus we have more
examples to support a normal form of infinite-dimensional Frobenius
manifolds and their connection to Frobenius manifolds of finite dimen-
sion.
We remark that, with a method very different from that mentioned
above, Raimondo proposed an infinite-dimensional Frobenius manifold
for the dispersionless Kadomtsev-Petviashvili (KP) equation by using
the theory of Schwartz functions. In a recent paper [21], Szablikowski
proposed a scheme for constructing Frobenius manifolds of finite or in-
finite dimension based on the Rota-Baxter identity and a counterpart
3of the modified Yang-Baxter equation for classical r-matrix (see refer-
ences therein). He suggested an infinite-dimensional Frobenius mani-
fold structure on the space of Laurent series where the dispersionless
KP hierarchy is defined, as well as hints to study the case of space con-
sisting of two component of Laurent series to define the dispersionless
Toda lattice hierarchy. The relation between the methods in [19, 21]
and the approaches mentioned previously to infinite-dimensional Frobe-
nius manifolds is not clear yet.
Recall that a Frobenius algebra (A, e, < , >) is a commutative as-
sociative algebra A with a unity e and a non-degenerate symmetric
invariant bilinear form (inner product) < , >. A manifold M is called
a Frobenius manifold if on each tangent space TtM a Frobenius alge-
bra (TtM, e,< , >) is defined depending smoothly on t ∈ M , and the
following conditions are satisfied:
(F1) the inner product < , > is a flat metric onM , and, with∇ being
the Levi-Civita connection for this metric, the unity vector field
e satisfies ∇e = 0;
(F2) let c be the 3-tensor c(X, Y, Z) :=< X · Y, Z >, then the 4-
tensor (∇W c)(X, Y, Z) is symmetric in the vector fields X , Y ,
Z and W ;
(F3) there is a so-called Euler vector field E onM such that ∇∇E =
0, and
[E,X · Y ]− [E,X ] · Y −X · [E, Y ] = X · Y,
LieE < X, Y > − < [E,X ], Y > − < X, [E, Y ] > = (2− d) < X, Y >,
where d is a constant named as the charge of M .
On an n-dimensional Frobenius manifoldM , one can choose a system
of flat coordinates t = (t1, . . . , tn) such that the unity vector field is e =
∂/∂t1. By using these coordinates, one has a constant non-degenerate
n× n matrix given by
ηαβ =<
∂
∂tα
,
∂
∂tβ
>,
and its inverse denoted by (ηαβ). The matrices ηαβ and η
αβ will be
used to lower and to lift indexes, respectively. Let
cαβγ = c
(
∂
∂tα
,
∂
∂tβ
,
∂
∂tγ
)
,
then the product of the Frobenius algebra TtM reads
∂
∂tα
·
∂
∂tβ
= cγαβ
∂
∂tγ
, cγαβ = η
γǫcǫαβ.
Here and below the convention of summation over repeated Greek in-
dices is assumed.
4The structure constants of the Frobenius algebra TtM satisfy
cβ1α = δ
β
α, c
ǫ
αβc
σ
ǫγ = c
ǫ
αγc
σ
ǫβ. (1.1)
Moreover, there locally exists a smooth function F (t), named as poten-
tial of the Frobenius manifold, such that
cαβγ =
∂3F
∂tα∂tβ∂tγ
, (1.2)
LieEF = (3− d)F + quadratic terms in t. (1.3)
In other words, the function F solves the WDVV equation (1.1)–(1.3),
and its third-order derivatives cαβγ are called the 3-point correlator
functions in topological field theory.
Conversely, given a solution F of (1.1)–(1.3) (including a flat metric,
a unity and a Euler vector field), one can recover the structure of a
Frobenius manifold.
A Frobenius manifold M is said to be semisimple if the Frobenius
algebras TtM are semisimple for generic points t ∈M .
On the Frobenius manifold M , its cotangent space T ∗t M also car-
ries a Frobenius algebra structure, with an invariant bilinear form
< dtα, dtβ >∗= ηαβ and a product given by
dtα · dtβ = cαβγ dt
γ, cαβγ = η
αǫcβǫγ.
Let
gαβ = iE(dt
α · dtβ),
then (dtα, dtβ)∗ = gαβ defines a symmetric bilinear form, called the
intersection form, on T ∗t M .
The above two bilinear forms on T ∗M compose a pencil gαβ + s ηαβ
of flat metrics with parameter s, hence they induces a bi-hamiltonian
structure { , }2+ s{ , }1 of hydrodynamic type [16] on the loop space
{S1 → M}. Furthermore, on the loop space one can choose a family
of functions θα,p(t) with α = 1, 2, . . . , n and p ≥ 0 such that
θα,0 = ηαβt
β , θα,1 =
∂F
∂tα
,
∂2θα,p
∂tλ∂tµ
= cǫλµ
∂θα,p−1
∂tǫ
for p > 1. (1.4)
The principal hierarchy associated to M is the following system of
Hamiltonian equations
∂tγ
∂T α,p
=
{
tγ(x),
∫
θα,p dx
}
1
:= ηγβ∂x
∂θα,p
∂tβ
, α, γ = 1, 2, . . . , n; p ≥ 0,
in which x is the coordinate of the loop S1. This hierarchy can be
written in a bi-hamiltonian recursion form that is consistent with (1.4)
if certain nonresonant condition is fulfilled.
5As typical examples, the orbit space of each (extended affine) Weyl
group is endowed a semisimple Frobenius manifold structure [13, 14,
17]. In Particular, the Frobenius manifolds for Weyl groups have prin-
cipal hierarchies that coincide with the dispersionless limit of Drinfeld-
Sokolov hierarchies [11, 18, 15]. For Frobenius manifolds corresponding
to extended affine Weyl groups [17], so far as we know, only in the case
of type A their principal hierarchies are clear, which are the dispersion-
less limit of the extended bigraded Toda hierarchies [6, 8].
The picture for infinite-dimensional Frobenius manifold and inte-
grable hierarchies is similar [7, 19, 26], though examples are much less
by now. For instance, Carlet, Dubrovin and Mertens’ Frobenius man-
ifold in [7] is associated with an extension of the dispersionless Toda
lattice hierarchy [9]. In consideration of the relation between the Toda
lattice and the extended bigraded Toda hierarchies, it is natural to
consider how infinite-dimensional Frobenius manifolds are connected
to the finite-dimensional ones for extended affine Weyl groups of type
A. Such a connection will be studied in a revision of the construction
of [7], as to be seen below.
Let us state the main results of the present paper, with similar no-
tations as in [7, 26].
Firstly, one has two sets of holomorphic functions on closed disks of
the Riemann sphere C ∪ {∞} as follows:
H− =
{
f(z) =
∑
i≥0
fi z
−i | f holomorphic on |z| ≥ 1
}
,
H+ =
{
fˆ(z) =
∑
i≥0
fˆi z
i | fˆ holomorphic on |z| ≤ 1
}
.
Here a holomorphic function on a closed subset D of C ∪ {∞} means
that the function can be extended analyticly to a neighborhood of D.
For instance, given f(z) ∈ H+, there is some ρ > 0 such that f(z) can
be extended to a holomorphic function on |z| < 1 + ρ.
We fix two arbitrary positive integers N and M , and consider the
following coset
M˜N,M = (z
N + zN−1H−)× z−MH+. (1.5)
Any element of this coset is written as a(z) =
(
a(z), aˆ(z)
)
, where
a(z) = zN +
∑
i≤N−1
viz
i, aˆ(z) =
∑
j≥−M
vˆjz
j . (1.6)
6With coordinates given by the coefficients vi and vˆj in the above ex-
pansions, the coset M˜N,M can be considered as an infinite-dimensional
manifold.
For a(z) = (a(z), aˆ(z)) ∈ M˜N,M , we introduce two functions:
ζ(z) = a(z)− aˆ(z), l(z) = a(z)>0 + aˆ(z)≤0, (1.7)
where the subscripts “> 0” and “≤ 0”mean the projections of a Laurent
series to its positive part and nonpositive part respectively. Note that
ζ(z) is considered to be defined holomorphically on a neighborhood of
the unit circle S1, and l(z) can be extended analytically to the punched
complex plane C \ {0}.
Definition 1.1. Let MN,M be a submanifold of M˜N,M consisting of
points (a(z), aˆ(z)) such that the following conditions are satisfied:
(M1) the function aˆ(z) has a pole of order M at 0, namely, vˆ−M 6= 0;
(M2) at |z| = 1,
a(z)aˆ′(z)− a′(z)aˆ(z) 6= 0, ζ ′(z) 6= 0, l′(z) 6= 0; (1.8)
(M3) the function ζ(z)|S1 has winding number 1 around 0, which de-
fines a biholomorphic map from S1 to a simple smooth curve Γ
around ζ = 0.
On MN,M we introduce a set of variables
t ∪ h ∪ hˆ = {ti}i∈Z ∪
{
hj
}N
j=1
∪
{
hˆk
}M
k=0
(1.9)
by
ti =
1
2πi
∮
|z|=1
ζ(z)−i
i
dz
z
, i ∈ Z \ {0}; t0 =
1
2πi
∮
|z|=1
log
z
ζ(z)
dz
z
;
(1.10)
hj = −
N
j
resz=∞l(z)
j/N dz
z
, j = 1, · · · , N − 1; (1.11)
hˆ0 = log vˆ−M ; hˆ
k =
M
k
resz=0l(z)
k/M dz
z
, k = 1, · · · ,M. (1.12)
Main Theorem. For any two positive integers M and N , the infinite-
dimensional manifold MN,M is a semisimple Frobenius manifold with
a system of flat coordinates (1.9) such that
(i) the unity vector field is
e =
∂
∂hˆM
; (1.13)
7(ii) the potential FN,M is
FN,M =
1
(2πi)2
∮ ∮
|z1|<|z2|
(
1
2
ζ(z1)ζ(z2)− ζ(z1)l(z2) + l(z1)ζ(z2)
)
×
× log
(
z2 − z1
z2
)
dz1
z1
dz2
z2
−
1
(2πi)2
∮
|z|=1
(
1
2
ζ(z) + l(z)
)
dz
z
×
×
∮
|z|=1
ζ(z)
(
log
ζ(z)
z
− 1
)
dz
z
+ FN,M , (1.14)
where FN,M is a function of h ∪ hˆ determined by
∂3FN,M
∂u ∂v ∂w
= −
(
resz=∞ + resz=0
)∂ul(z) · ∂vl(z) · ∂wl(z)
z2l′(z)
dz (1.15)
for any u, v, w ∈ h ∪ hˆ;
(iii) the Euler vector field is
EN,M =−
∑
i∈Z
i ti
∂
∂ti
−
N − 1
N
∂
∂t0
+
N−1∑
j=1
j
N
hj
∂
∂hj
+
+
M∑
k=1
k
M
hˆk
∂
∂hˆk
+
N +M
N
∂
∂hˆ0
, (1.16)
and the charge of the Frobenius manifold is d = 1.
This theorem will be proved in Section 2. There we will also write
down the flat metric and the intersection form for this semisimple
Frobenius manifold. Observe that the infinite-dimensional Frobenius
manifold M1,1 is similar, but not the same, with the one constructed
in [7] (the difference occurs from the definition of flat metric, see (2.11)
below).
The function FN,M given by (1.15), which depends polynomially on
h∪hˆ∪{ehˆ
0
}, is indeed the potential for the semisimple Frobenius man-
ifold M(A˜M+N−1;N) on the orbit space of the extended Weyl group
W˜ (N)(AM+N−1), see [17]. Since MN,M is a space of the two functions
ζ(z) and l(z), as ζ(z)→ 0 (the limit does not lie in MN,M but can be
considered as some kind of removable singularity), the Frobenius struc-
ture on MN,M is reduced to the one on M(A˜M+N−1;N). This kind
of limit agrees with the reduction from the bi-hamiltonian structures
for the dispersionless Toda lattice hierarchy to that for the extended
bigraded Toda hierarchies, which are associated to the Frobenius man-
ifolds MN,M and M(A˜M+N−1;N) respectively, see below and [6, 25].
It shall be indicated that, in this limit process M(A˜M+N−1;N) is not
a Frobenius submanifold of MN,M in the sense of Strachan [20].
8In Section 3 we will show that the flat pencil on T ∗aMN,M coincides
with the one that induces the dispersionless limit of the bi-hamiltonian
structure obtained in [25] for the Toda lattice hierarchy. Accordingly
the dispersionless Toda lattice hierarchy is part of the principal hi-
erarchy associated to the Frobenius manifold MN,M . The complete
principal hierarchy, in contrast to the two-component BKP case [26],
cannot be derived by applying only the bi-hamiltonian recursion re-
lation. Instead, as indicated by Carlet and Mertens [9], one needs to
explicitly solve the flatness equations for the deformed flat connection
(the Levi-Civita connection ∇ deformed by the product of the Euler
vector field) on the infinite-dimensional Frobenius manifold. We shall
leave this problem open here.
The last section is devoted to conclusions and remarks.
2. Construction of Frobenius manifolds
We start to construct a semisimple Frobenius manifold structure on
the infinite-dimensional space
MN,M ⊂ (z
N + zN−1H−)× z−MH+
defined by the conditions (M1)–(M3) above with arbitrary positive in-
tegers M and N .
2.1. Flat metric. Recall that every element of MN,M has the form
a = (a(z), aˆ(z)) =
(
zN +
∑
i≤N−1
viz
i,
∑
j≥−M
vˆjz
j
)
. (2.1)
Let us describe the tangent and the cotangent bundles on MN,M
with Laurent series. At a point a ∈ MN,M we identify a vector ∂ in
the tangent space with its action (∂a(z), ∂aˆ(z)) on the “point”. Hence
the tangent space is identified with a space of pairs of Laurent series
as
TaMN,M = z
N−1H− × z−MH+. (2.2)
Clearly this space has a natural basis given by
∂
∂vi
= (zi, 0), i ≤ N − 1;
∂
∂vˆj
= (0, zj), j ≥ −M. (2.3)
Accordingly, we write the cotangent space as
T ∗aMN,M = z
−N+1H+ × zMH−, (2.4)
9and the pairing of a covector ω = (ω(z), ωˆ(z)) ∈ T ∗aMN,M with a
vector X = (X(z), Xˆ(z)) ∈ TaMN,M reads
〈ω,X〉 =
1
2πi
∮
|z|=1
[
ω(z)X(z) + ωˆ(z)Xˆ(z)
]dz
z
. (2.5)
Clearly, the cotangent space has a dual basis with respect to (2.3) as
follows
dvi = (z
−i, 0), i ≤ N − 1; dvˆj = (0, z
−j), j ≥ −M. (2.6)
We introduce two generating functions for covectors
da(p) :=
∑
i≤N−1
dvip
i =
(
pN
zN−1(p− z)
, 0
)
, |z| < |p|, (2.7)
daˆ(p) :=
∑
j≥−M
dvˆjp
j =
(
0,
zM+1
pM(z − p)
)
, |z| > |p|. (2.8)
The Cauchy integral formula implies the following simple but useful
lemma.
Lemma 2.1. The following statements for the generating functions
(2.7)–(2.8) hold true:
(i) for any vector X = (X(z), Xˆ(z)) ∈ TaMN,M ,
〈da(p),X〉 = X(p), 〈daˆ(p),X〉 = Xˆ(p); (2.9)
(ii) for any covector ω = (ω(z), ωˆ(z)) ∈ T ∗aMN,M , we have
ω =
1
2πi
∮
|p|=1
[
ω(p)da(p) + ωˆ(p)daˆ(p)
]dp
p
. (2.10)
On T ∗aMN,M , we define a symmetric bilinear form by
< dα(p), dβ(q) >∗=
p q
p− q
(α′(p)− β ′(q)) , (2.11)
where α′(p) = ∂α(p)/∂p and α, β ∈ {a, aˆ}. The right hand side of
(2.11) is understood as follows: if α and β are the same, then the
denominator (p−q) is eliminated by a factor of α′(p)−β ′(q); otherwise,
suppose α = a and β = aˆ, then 1/(p− q) is expanded to a series under
the condition |p| > |q| implied by (2.7)–(2.8). This kind of convention
will be used throughout the present paper.
Remark 2.2. In the case M = N = 1, this bilinear form used in [7]
(see Equation (1.16) therein) reads:
< dα(p), dβ(q) >∗=
p q
p− q
(ǫ(α)α′(p)− ǫ(β)β ′(q)) , (2.12)
where ǫ(a) = 1 and ǫ(aˆ) = −1. As the definition of bilinear form is
revised, the calculation below will be simplified.
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By using the nondegenerate pairing (2.5), one defines a linear map
η : T ∗aMN,M → TaMN,M (2.13)
such that
〈ω1, η(ω2)〉 =< ω1,ω2 >
∗ (2.14)
for any covectors ω1,ω2 ∈ T ∗aMN,M .
Lemma 2.3. The map η defined in (2.13)–(2.14) can be represented
explicitly as
η(ω)(z) =
(
za′(z)[ω(z) + ωˆ(z)]<0 − z[ω(z)a
′(z) + ωˆ(z)aˆ′(z)]<0,
− zaˆ′(z)[ω(z) + ωˆ(z)]≥0 + z[ω(z)a
′(z) + ωˆ(z)aˆ′(z)]≥0
)
(2.15)
with arbitrary ω = (ω(z), ωˆ(z)) ∈ T ∗aMN,M . Moreover, the linear map
η is a bijection.
Proof. It follows from (2.9) and (2.14) that
η(dβ(q)) = (< da(z), dβ(q) >∗, < daˆ(z), dβ(q) >∗), β ∈ {a, aˆ}.
(2.16)
Hence by using (2.10) and 〈ω1, η(ω2)〉 = 〈η(ω1),ω2〉 we have
η(ω)(z) =
1
2πi
∮
|q|=1
[
ω(q)η(da(q)) + ωˆ(q)η(daˆ(q))
]dq
q
=
(
1
2πi
∮
|q|<|z|
< da(z), ω(q)da(q) + ωˆ(q)daˆ(q) >∗
dq
q
,
1
2πi
∮
|q|>|z|
< daˆ(z), ω(q)da(q) + ωˆ(q)daˆ(q) >∗
dq
q
)
=
(
1
2πi
∮
|q|<|z|
q
1− q/z
[a′(z)(ω(q) + ωˆ(q))− (ω(q)a′(q) + ωˆ(q)aˆ′(q))]
dq
q
,
−
1
2πi
∮
|q|>|z|
z
1− z/q
[aˆ′(z)(ω(q) + ωˆ(q))− (ω(q)a′(q) + ωˆ(q)aˆ′(q))]
dq
q
)
=
(
za′(z)[ω(z) + ωˆ(z)]<0 − z[ω(z)a
′(z) + ωˆ(z)aˆ′(z)]<0,
−zaˆ′(z)[ω(z) + ωˆ(z)]≥0 + z[ω(z)a
′(z) + ωˆ(z)aˆ′(z)]≥0
)
. (2.17)
This is just (2.15). Moreover, it implies the map η being surjective.
Next we want to show that the map η is invertible. Suppose that
X = (X(z), Xˆ(z)) =
( ∑
i≤N−1
Xiz
i,
∑
j≥−M
Xˆjz
j
)
∈ TaMN,M ,
11
ω = (ω(z), ωˆ(z)) =
( ∑
i≥−N+1
ωiz
i,
∑
j≤M
ωˆjz
j
)
∈ T ∗aMN,M
satisfy X = η(ω), namely,
X(z) = za′(z)[ω(z) + ωˆ(z)]<0 − z[ω(z)a
′(z) + ωˆ(z)aˆ′(z)]<0, (2.18)
Xˆ(z) = −zaˆ′(z)[ω(z) + ωˆ(z)]≥0 + z[ω(z)a
′(z) + ωˆ(z)aˆ′(z)]≥0. (2.19)
It follows that
X(z)− Xˆ(z) = z(a′(z)− aˆ′(z))(ωˆ(z)<0 − ω(z)≥0). (2.20)
Hence we obtain
ω(z)≥0 = −
(
X(z)− Xˆ(z)
z(a′(z)− aˆ′(z))
)
≥0
, ωˆ(z)<0 =
(
X(z)− Xˆ(z)
z(a′(z)− aˆ′(z))
)
<0
.
(2.21)
Here we have used the property ζ ′(z) 6= 0 in the definition of MN,M .
On the one hand, by using (2.18) and (2.19) one has
X(z)>0 = (za
′(z)[ω(z) + ωˆ(z)]<0)>0 = (za
′(z)>0[ω(z) + ωˆ(z)]<0)>0,
(2.22)
Xˆ(z)≤0 = −(zaˆ
′(z)[ω(z) + ωˆ(z)]≥0)≤0 = −(zaˆ
′(z)<0[ω(z) + ωˆ(z)]≥0)≤0.
(2.23)
Writing
ω(z) + ωˆ(z) =
∑
k∈Z
ω˜kz
k,
then the equations (2.22)–(2.23) can be rewritten as XN−1...
X1
 = KN−1
 ω˜−1...
ω˜−N+1
 ,
 Xˆ−M...
Xˆ0
 = KˆM+1
 ω˜0...
ω˜M
 ,
(2.24)
where
KN−1 =

N
(N − 1)vN−1 N
(N − 2)vN−2 (N − 1)vN−1 N
...
. . .
. . .
. . .
2 v2 · · · (N − 2)vN−2 (N − 1)vN−1 N

(2.25)
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and
KˆM+1 =

Mvˆ−M
(M − 1)vˆ−M+1 Mvˆ−M
...
. . .
. . .
vˆ−1
. . . Mvˆ−M
0 vˆ−1 · · · (M − 1)vˆ−M+1 Mvˆ−M
 .
(2.26)
Both matricesKN−1 and KˆM+1 are nondegenerate, hence ω˜−N+1, · · · , ω˜M
can be solved from (2.22)–(2.23). This fact together with (2.21) leads
to that ω = (ω(z), ωˆ(z)) is uniquely determined by X = (X(z), Xˆ(z)).
Therefore the lemma is proved. 
With the help of the bijection η, the bilinear form (2.11) on the
cotangent space induces a symmetric bilinear form on TaMN,M as
< ∂1, ∂2 >:= 〈η
−1(∂1), ∂2〉 =< η
−1(∂1), η
−1(∂2) >
∗ . (2.27)
Recall the property (1.8) for the functions
ζ(z) = a(z)− aˆ(z), l(z) = a(z)>0 + aˆ(z)≤0. (2.28)
One has the following lemma.
Lemma 2.4. The bilinear form (2.27) can be represented as follows:
for any tangent vectors ∂1, ∂2 ∈ TaMN,M ,
< ∂1, ∂2 >=−
1
2πi
∮
|z|=1
∂1ζ(z) · ∂2ζ(z)
z2ζ ′(z)
dz
− resz=∞
∂1l(z) · ∂2l(z)
z2l′(z)
dz − resz=0
∂1l(z) · ∂2l(z)
z2l′(z)
dz.
(2.29)
Proof. Assume η−1(∂1) = (ω(z), ωˆ(z)), then we have
〈η−1(∂1), ∂2〉 =
1
2πi
∮
|z|=1
[ω(z)∂2a(z) + ωˆ(z)∂2aˆ(z)
]dz
z
=
1
2πi
∮
|z|=1
[(ω(z)≥0 − ωˆ(z)<0)(∂2a(z)− ∂2aˆ(z))]
dz
z
+
1
2πi
∮
|z|=1
[ω(z) + ωˆ(z)]<0∂2a(z)
dz
z
+
1
2πi
∮
|z|=1
[ω(z) + ωˆ(z)]≥0∂2aˆ(z)
dz
z
. (2.30)
The three integrals on the right hand side are denoted as I1, I2 and I3,
respectively. Let us calculate them separately.
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Firstly, by using (2.28) and ∂1 = (∂1a(z), ∂1aˆ(z)), the formulae (2.21)
read
ω(z)≥0 = −
(
∂1ζ(z)
zζ ′(z)
)
≥0
, ωˆ(z)<0 =
(
∂1ζ(z)
zζ ′(z)
)
<0
.
Hence we have
I1 = −
1
2πi
∮
|z|=1
∂1ζ(z) · ∂2ζ(z)
z2ζ ′(z)
dz.
Secondly, recall
l′(z) = NzN−1 +
N−1∑
i=1
i viz
i−1 −
M∑
j=1
j vˆ−jz
−j−1.
For simplicity, we denote Λ(n) = (δi,j+1)n×n for positive integer n and
Λ(0) = 0. Observe that the matrix (2.25) is just
KN−1 =
(
l′(z)
zN−1
)
z−1→Λ(N−1)
. (2.31)
Let’s take the following expansion near z =∞
1
l′(z)
=
1
zN−1
(f0 + f−1z
−1 + f−2z
−2 + · · · ),
and set fi = 0 for i > 0, then we have
K−1N−1 =
(
zN−1
l′(z)
)
z−1→Λ(N−1)
= (f−i+j)(N−1)×(N−1). (2.32)
Thus by using the first relation in (2.24), we know
I2 = (∂1v1, . . . , ∂1vN−1)K
−1
N−1
 ∂2vN−1...
∂2v1

=
N−1∑
i,j=1
∂1vi · f−i+j · ∂2vN−j
= −resz=∞
(
N−1∑
i,j=1
∂1vi z
i · f−i+jz
−i+j · ∂2vN−jz
N−j · z−N−1
)
dz
= −resz=∞
∂1l(z) · ∂2l(z)
z2 l′(z)
dz.
Thirdly, in the same way as above one has
KˆM+1 = −
(
l′(z)zM+1
)
z→Λ(M+1)
(2.33)
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and
Kˆ−1M+1 = −
(
1
l′(z)zM+1
)
z→Λ(M+1)
= −(gi−j)(M+1)×(M+1), (2.34)
where gm are given by the following expansion near z = 0:
1
l′(z)
= zM+1(g0 + g1z + g2z
2 + · · · ),
and gm = 0 for m < 0. The second equation in (2.24) leads to
I3 = (∂1vˆ0, . . . , ∂1vˆ−M)Kˆ
−1
M+1
 ∂2vˆ−M...
∂2vˆ0

= −
M∑
i,j=0
∂1vˆ−i · gi−j · ∂2vˆj−M
= −resz=0
(
M∑
i,j=0
∂1vˆ−i z
−i · gi−jz
i−j · ∂2vˆj−Mz
j−M · zM−1
)
dz
= −resz=0
∂1l(z) · ∂2l(z)
z2 l′(z)
dz.
Thus we complete the proof of this lemma. 
Next we want to choose a system of “flat” coordinates for the bilinear
form (2.29). According to the definition ofMN,M , one can consider the
inverse function of ζ(z) such that
z = z(ζ) : Γ −→ S1, (2.35)
and this function is holomorphic on a neighborhood of the curve Γ
surrounding ζ = 0. We assume the following Riemann-Hilbert factor-
ization on the ζ-plane
z(ζ) = f−10 (ζ)f∞(ζ) for ζ ∈ Γ, (2.36)
where the functions f0(ζ) and f∞(ζ)/ζ are holomorphic inside and out-
side the curve Γ, respectively. Let us fix this factorization by normal-
izing
f∞(ζ) = ζ +O(1), |ζ | → ∞.
Now we have Taylor expansions with coefficients ti:
log f0(ζ) = −
∑
i≥0
tiζ i, |ζ | → 0; (2.37)
log
f∞(ζ)
ζ
=
∑
i≥1
t−i
ζ i
, |ζ | → ∞. (2.38)
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In other words,
ti =
1
2πi
∮
Γ
ζ−i−1 log
z(ζ)
ζ
dζ. (2.39)
On the other hand, recall l(z) = zN +
∑N−1
i=1 viz
i +
∑M
j=0 vˆ−jz
−j and
denote
χ(z) := l(z)1/N near ∞, χˆ(z) := l(z)1/M near 0. (2.40)
Let z(χ) and z(χˆ) be the inverse functions of χ(z) and χˆ(z) respectively.
Their logarithms can be expanded as follows:
log z(χ) = logχ−
1
N
(h1χ−1 + · · ·+ hN−1χ−N+1) +O(χ−N), |χ| → ∞;
(2.41)
log z(χˆ) = − log χˆ +
1
M
(hˆ0 + hˆ1χˆ−1 + · · ·+ hˆM χˆ−M) +O(χ−M−1), |χˆ| → ∞,
(2.42)
where in particular hˆ0 = log vˆ−M .
Observe that the variables
t∪h∪ hˆ = {ti | i ∈ Z}∪{hj | j = 1, . . . , N −1}∪{hˆk | k = 0, . . . ,M},
(2.43)
determine ζ(z) and l(z) = χ(z)N = χˆ(z)M uniquely, hence also
a(z) = l(z) + ζ(z)≤0, aˆ(z) = l(z)− ζ(z)>0. (2.44)
It means that (2.43) is indeed a system of coordinates on the manifold
MN,M .
Proposition 2.5. The above coordinates t∪h∪hˆ can be defined equiv-
alently by (1.10)–(1.12). The bilinear form < , > in (2.29) satisfies
<
∂
∂ti1
,
∂
∂ti2
>= −δi1+i2,−1, i1, i2 ∈ Z; (2.45)
<
∂
∂hj1
,
∂
∂hj2
>=
1
N
δj1+j2,N , j1, j2 ∈ {1, 2, . . . , N − 1}; (2.46)
<
∂
∂hˆk1
,
∂
∂hˆk2
>=
1
M
δk1+k2,M , k1, k2 ∈ {0, 1, . . . ,M} (2.47)
and any other pairing between these vector fields vanishes. Conse-
quently, the bilinear form < , > is a nondegnerate flat metric on
TaMN,M with flat coordinates t ∪ h ∪ hˆ.
The proof of this proposition is mainly based on following lemma.
Lemma 2.6. The coordinates t ∪ h ∪ hˆ satisfy
∂ζ(z)
∂ti
= −zζ i(z)ζ ′(z), (2.48)
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∂l(z)
∂hj
= (zχ(z)N−j−1χ′(z))>0, (2.49)
∂l(z)
∂hˆk
= −(zχˆ(z)M−k−1χˆ′(z))≤0, (2.50)
and that the following derivatives vanish:
∂ζ(z)
∂hj
=
∂ζ(z)
∂hˆk
=
∂l(z)
∂ti
=
(
∂l(z)
∂hj
)
≤0
=
(
∂l(z)
∂hˆk
)
>0
= 0. (2.51)
Proof. By using
ζ i =
∂
∂ti
log
z(ζ)
ζ
=
1
z(ζ)
∂z(ζ)
∂ti
(2.52)
and the “thermodynamical identity”
∂ζ(z)
∂ti
∣∣∣∣
z=z(ζ)
+ ζ ′(z)|z=z(ζ)
∂z(ζ)
∂ti
= 0, (2.53)
we obtain (2.48). Similarly, by using
∂z(χ)
∂hj
= −z(χ)
(
1
N
χ−j +O(χ−N)
)
, |χ| → ∞;
∂z(χˆ)
∂hˆk
= z(χˆ)
(
1
M
χˆ−k +O(χˆ−M−1)
)
, |χˆ| → ∞
and the corresponding “thermodynamical identities”, we derive
∂χ(z)
∂hj
= zχ′(z)
(
1
N
χ(z)−j +O(z−N )
)
, |z| → ∞; (2.54)
∂χˆ(z)
∂hˆk
= −zχˆ′(z)
(
1
M
χˆ(z)−k +O(zM+1)
)
, |z| → 0. (2.55)
Thus the equalities (2.49)–(2.50) are obtained. The derivatives (2.51)
being zero is trivial. Therefore the lemma is proved. 
Proof of Proposition 2.5 The first assertion follows from a short cal-
culation. For the second assertion, with i1, i2 ∈ Z we have
<
∂
∂ti1
,
∂
∂ti2
> = −
1
2πi
∮
|z|=1
∂ζ(z)
∂ti1
· ∂ζ(z)
∂ti2
z2ζ ′(z)
dz
= −
1
2πi
∮
|z|=1
ζ i1+i2(z)ζ ′(z)dz
= −
1
2πi
∮
Γ
ζ i1+i2dζ = −δi1+i2,−1. (2.56)
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For 1 ≤ j1, j2 ≤ N − 1,
<
∂
∂hj1
,
∂
∂hj2
>= −resz=∞
∂l(z)
∂hj1
· ∂l(z)
∂hj2
z2l′(z)
dz
= −resz=∞
χ(z)N−1
N
(
χ(z)−j1 +O(z−N)
)(
χ(z)−j2 +O(z−N)
)
χ′(z)dz
= −resχ=∞
χN−1−j1−j2
N
dχ =
1
N
δj1+j2,N . (2.57)
Finally, for 0 ≤ k1, k2 ≤ M ,
<
∂
∂hˆk1
,
∂
∂hˆk2
>= −resz=0
∂l(z)
∂hˆk1
· ∂l(z)
∂hˆk2
z2l′(z)
dz
= −resz=0
χˆ(z)M−1
M
(
χˆ(z)−k1 +O(zM+1)
)(
χˆ(z)−k2 +O(zM+1)
)
χˆ′(z)dz
= −resχˆ=∞
χˆM−1−k1−k2
M
dχˆ =
1
M
δk1+k2,M .
Clearly all other pairings between these vectors vanish. The proposition
is proved. 
2.2. Frobenius algebra structure. In order to endow a Frobenius
algebra structure on the tangent space of MN,M , let us introduce a
product on the cotangent space T ∗aMN,M first:
dα(p) · dβ(q) =
p q
p− q
(
α′(p) dβ(q)− β ′(q) dα(p)
)
(2.58)
with α′(p) = ∂α(p)/∂p and α, β ∈ {a, aˆ}. Note that the dominator on
the right hand side has the same meaning as in (2.11).
Lemma 2.7. On T ∗aMN,M the following assertions hold true:
(i) the multiplication defined by (2.58) is associative and commu-
tative; more generally, for αi ∈ {a, aˆ} one has
dα1(p1) · dα2(p2) · · · · · dαk(pk) =
k∑
i=1
(∏
j 6=i
α′j(pj)
p−1i − p
−1
j
)
dαi(pi).
(2.59)
(ii) the bilinear form < , >∗ given in (2.11) is invariant with respect
to the above multiplication.
Proof. The commutativity of (2.58) is obvious. The formula (2.59)
can be verified by an induction, which yields the associativity of the
multiplication. Hence we deduce the first assertion.
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The second assertion follows from
< dα(p) · dβ(q), dγ(r) >∗=
α′(p)β ′(q)
(p−1 − r−1)(r−1 − q−1)
+
β ′(q)γ′(r)
(q−1 − p−1)(p−1 − r−1)
+
γ′(r)α′(p)
(r−1 − q−1)(q−1 − p−1)
= < dβ(q) · dγ(r), dα(p) >∗
with α, β, γ ∈ {a, aˆ}. 
Lemma 2.8. The multiplication (2.58) can be represented in Laurent
series as
ω1 ·ω2 =z
([
ω2(z)
(
ω1(z)a
′(z)
)
≥0
− ω2(z)
(
ωˆ1(z)aˆ
′(z)
)
<0
− ω1(z)
(
ω2(z)a
′(z)
)
<0
− ω1(z)
(
ωˆ2(z)aˆ
′(z)
)
<0
]
≥−N
,[
ωˆ2(z)
(
ω1(z)a
′(z)
)
≥0
+ ωˆ2(z)
(
ωˆ1(z)aˆ
′(z)
)
≥0
+ ωˆ1(z)
(
ω2(z)a
′(z)
)
≥0
− ωˆ1(z)
(
ωˆ2(z)aˆ
′(z)
)
<0
]
≤M−1
)
(2.60)
for any cotangent vectors ωi = (ωi(z), ωˆi(z)) ∈ T
∗
aMN,M with i = 1, 2.
Moreover, this multiplication has unity
e
∗ :=
(
0,
zM
Mvˆ−M
)
=
1
M
dhˆ0. (2.61)
Proof. The equality (2.60) is verified by using (2.10). Secondly, for any
cotangent vector ω = (ω(z), ωˆ(z)) ∈ T ∗aMN,M , in consideration of the
form of (a(z), aˆ(z)) in (2.1) we have
e
∗ · ω = z
([
−ω(z)
(
zM
Mvˆ−M
aˆ′(z)
)
<0
]
≥−N
,
[
−ωˆ(z)
(
zM
Mvˆ−M
aˆ′(z)
)
<0
]
≤M−1
)
= z
((
ω(z)
z
)
≥−N
,
(
ωˆ(z)
z
)
≤M−1
)
= ω.
Thus we complete the proof of the lemma. 
As a combination of Lemmas 2.7 and 2.8, we obtain
Proposition 2.9. The cotangent space T ∗aMN,M carries a Frobenius
algebra structure with the multiplication defined in (2.58), the unity e∗
given in (2.61) and the non-degenerate invariant bilinear form (2.11).
Due to the bijection η in (2.4), we achieve the following result.
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Corollary 2.10. The tangent space TaMm,n is a Frobenius algebra
with multiplication between any vectors X1 and X2 defined by
X1 ·X2 := η
(
η−1(X1) · η
−1(X2)
)
, (2.62)
the unity vector
e := η
(
e
∗
)
=
(
1, 1
)
=
∂
∂hˆM
(2.63)
and the invariant inner product (2.29).
2.3. The potential. Now we proceed to compute the following sym-
metric 3-tensor
c(∂u, ∂v, ∂w) =< ∂u · ∂v, ∂w >, u, v, w ∈ t ∪ h ∪ hˆ (2.64)
where for simplicity we write ∂u = ∂/∂u ∈ TaMN,M . In the present
section, unless otherwise stated the following convention will be as-
sumed:
i, i1, i2, i3 ∈ Z, j, j1, j2, j3 ∈ {1, 2, . . . , N−1}, k, k1, k2, k3 ∈ {0, 1, . . . ,M}.
Lemma 2.11. The symmetric 3-tensor (2.64) is given by
< ∂ti1 · ∂hj2 , ∂hˆk3 >= 0, (2.65)
< ∂ti1 · ∂ti2 , ∂hj3 >=
−1
2πi
∮
|z|=1
z
(
ζ ′(z)ζ(z)i1+i2
)
<−1
(
χ′(z)χ(z)N−1−j3
)
≥0
dz,
(2.66)
< ∂hj1 · ∂hj2 , ∂ti3 >=
−1
2πNi
∮
|z|=1
z
(
ζ ′(z)ζ(z)i3
)
<0
(
χ′(z)χ(z)N−1−j1−j2
)
≥−1
dz,
(2.67)
< ∂hj1 · ∂hj2 , ∂hˆk3 >
=
−1
2πNi
∮
|z|=1
z
(
χ′(z)χ(z)N−1−j1−j2
)
≥−1
(
χ′(z)χ(z)M−1−k3
)
<0
dz,
(2.68)
< ∂ti1 · ∂ti2 , ∂hˆk3 >=
1
2πi
∮
|z|=1
z
(
ζ ′(z)ζ(z)i1+i2
)
≥−1
(
χˆ′(z)χˆ(z)M−1−k3
)
<0
dz,
(2.69)
< ∂hˆk1 · ∂hˆk2 , ∂ti3 >=
−1
2πMi
∮
|z|=1
z
(
ζ ′(z)ζ(z)i3
)
≥0
(
χˆ′(z)χˆ(z)M−1−k1−k2
)
<−1
dz,
(2.70)
< ∂hˆk1 · ∂hˆk2 , ∂hj3 >
=
−1
2πMi
∮
|z|=1
z
(
χ′(z)χ(z)N−1−j3
)
≥0
(
χˆ′(z)χˆ(z)M−1−k1−k2
)
<−1
dz,
(2.71)
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< ∂hj1 · ∂hj2 , ∂hj3 >=
−1
2πN2i
∮
|z|=1
zζ ′(z)<0
(
χ′(z)χ(z)N−1−j1−j2−j3
)
≥−1
dz
− resz=∞
z
(
χ′(z)χ(z)N−1−j1
)
≥0
(
χ′(z)χ(z)N−1−j2
)
≥0
(
χ′(z)χ(z)N−1−j3
)
≥0
l′(z)
dz,
(2.72)
< ∂hˆk1 · ∂hˆk2 , ∂hˆk3 >=
1
2πM2i
∮
|z|=1
zζ ′(z)≥0
(
χˆ′(z)χˆ(z)M−1−k1−k2−k3
)
<−1
dz
+ resz=0
z
(
χˆ′(z)χˆ(z)M−1−k1
)
<0
(
χˆ′(z)χˆ(z)M−1−k2
)
<0
(
χˆ′(z)χˆ(z)M−1−k3
)
<0
l′(z)
dz,
(2.73)
< ∂ti1 · ∂ti2 , ∂ti3 >=
1
2πi
∮
|z|=1
zζ ′(z)ζ(z)i1+i2+i3
(1
2
Π[ζ ′(z)]− l′(z)
)
dz
−
1
4πi
∮
|z|=1
zζ ′(z)
(
ζ(z)i1+i2Π[ζ ′(z)ζ(z)i3 ]
+ ζ(z)i2+i3Π[ζ ′(z)ζ(z)i1 ] + ζ(z)i3+i1Π[ζ ′(z)ζ(z)i2 ]
)
dz, (2.74)
with the mapping Π[f(z)] = f(z)≥0 − f(z)<0 in the final equality.
Proof. We denote
ηuv =< ∂u, ∂v >,
of which the values are given in Proposition 2.5, and then we have
< ∂u · ∂v, ∂w >= ηuu˜ηvv˜ηww˜ < du˜ · dv˜, dw˜ >
∗= ηuu˜ηvv˜ηww˜〈du˜ · dv˜, η(dw˜)〉(2.75)
with u, v, w, u˜, v˜, w˜ ∈ t ∪ h ∪ hˆ. Let us compute the data in the right
hand side.
First of all, one can check the following equalities
dti =
(
− (ζ(z)−i−1)≥−N+1, (ζ(z)
−i−1)≤M
)
, (2.76)
dhj =
(
(χ(z)j−N)≥−N+1, 0
)
, (2.77)
dhˆk =
(
0, (χˆ(z)k−M)≤M
)
. (2.78)
Indeed, it follows from (1.10) that
∂ti
∂vr
= −
1
2πi
∮
|p|=1
ζ(p)−i−1pr−1dp,
∂ti
∂vˆs
=
1
2πi
∮
|p|=1
ζ(p)−i−1ps−1dp,
hence
dti =
∑
r≤N−1
∂ti
∂vr
dvr +
∑
s≥−M
∂ti
∂vˆs
dvˆs
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=
( ∑
r≤N−1
∂ti
∂vr
z−r,
∑
s≥−M
∂ti
∂vˆs
z−s
)
=
(
− (ζ(z)−i−1)≥−N+1, (ζ(z)
−i−1)≤M
)
.
Similarly, the equalities (2.77)–(2.78) can be checked with the help of
∂hj
∂vr
= −resp=∞χ(p)
j−Npr−1dp,
∂hj
∂vˆs
= 0,
∂hˆk
∂vˆs
= resp=0χˆ(p)
k−Mps−1dp,
∂hˆk
∂vr
= 0
implied by (1.11)–(1.12).
Secondly, by using (2.60) we have
dti1 · dti2 = z
([
a′(z)ζ(z)−i1−i2−2 − ζ(z)−i1−1(ζ(z)−i2−1ζ ′(z))<0
− ζ(z)−i2−1(ζ(z)−i1−1ζ ′(z))<0
]
≥−N
, −
[
aˆ′(z)ζ(z)−i1−i2−2
+ ζ(z)−i1−1(ζ(z)−i2−1ζ ′(z))≥0 + ζ(z)
−i2−1(ζ(z)−i1−1ζ ′(z))≥0
]
≤M−1
)
(2.79)
with
a′(z) = ζ ′(z)<0 + l
′(z), aˆ′(z) = −ζ ′(z)≥0 + l
′(z),
and
dhj1 · dhj2 =
(
Nz
[
χ′(z)χ(z)j1+j2−N−1 − χ(z)j1−N
(
χ′(z)χ(z)j2−1
)
<0
− χ(z)j2−N
(
χ′(z)χ(z)j1−1
)
<0
]
≥−N
, 0
)
, (2.80)
dhˆk1 · dhˆk2 =
(
0 , Mz
[
− χˆ′(z)χˆ(z)k1+k2−M−1 + χˆ(z)k1−M
(
χˆ′(z)χˆ(z)k2−1
)
≥0
+ χˆ(z)k2−M
(
χˆ′(z)χˆ(z)k1−1
)
≥0
]
≤M−1
)
. (2.81)
Thirdly, substituting (2.76)–(2.78) into (2.15) we obtain
η(dti) = z
((
ζ ′(z)ζ(z)−i−1
)
<0
,−
(
ζ ′(z)ζ(z)−i−1
)
≥0
)
, (2.82)
η(dhj) = Nz
((
χ′(z)χ(z)j−1
)
≥0
,
(
χ′(z)χ(z)j−1
)
≥0
)
, (2.83)
η(dhˆk) = −Mz
((
χˆ′(z)χˆ(z)k−1
)
<0
,
(
χˆ′(z)χˆ(z)k−1
)
<0
)
. (2.84)
Finally, we substitute the above data into (2.75), and conclude the
lemma after a tedious but straightforward computation. 
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Lemma 2.12 ([17]). There exists a function FN,M depending polyno-
mially on h ∪ hˆ ∪ {ehˆ
0
} such that
∂3FN,M
∂u ∂v ∂w
= −
(
resz=∞ + resz=0
)∂ul(z) · ∂vl(z) · ∂wl(z)
z2 l′(z)
dz (2.85)
for any u, v, w ∈ h ∪ hˆ.
This lemma can also be proved in the same way as in the appendix
of [26], with the replacement ∂z 7→ z∂z and dz 7→ dz/z.
Let us introduce a function of t ∪ h ∪ hˆ as
FN,M =
1
(2πi)2
∮ ∮
|z1|<|z2|
(
1
2
ζ(z1)ζ(z2)− ζ(z1)l(z2) + l(z1)ζ(z2)
)
×
× log
(
z2 − z1
z2
)
dz1
z1
dz2
z2
+
(
1
2
t−1 − hˆM
)∑
i≥0
tit−i−1 + FN,M ,
(2.86)
where
log
(
z2 − z1
z2
)
= −
∑
m≥1
1
m
(
z1
z2
)m
.
Proposition 2.13. The function FN,M satisfies
c(∂u, ∂v, ∂w) =
∂3FN,M
∂u ∂v ∂w
, u, v, w ∈ t ∪ h ∪ hˆ. (2.87)
Consequently, letting ∇ denote the Levi-Civita connection of the metric
< , >, the 4-tensor ∇∂sc(∂u, ∂v, ∂w) is symmetric with respect to the
flat coordinates s, u, v and w.
Proof. In this proof we use the notation f ∗(z) = zf ′(z) for a differen-
tiable function f(z). If f(z) and g(z) are holomorphic (single-valued
unless otherwise stated) on a neighborhood of |z| = 1, then one has
f ∗(z)≥0 = f
∗(z)>0 = zf
′(z)>0, f
∗(z)≤0 = f
∗(z)<0 = zf
′(z)<0
and the following formula of integration by parts:
1
2πi
∮
|z|=1
f ∗(z)g(z)
dz
z
= −
1
2πi
∮
|z|=1
f(z)g∗(z)
dz
z
. (2.88)
Let
Yi(z) =

ζ(z)i+1
i+ 1
, i ∈ Z \ {−1};
log ζ(z), i = −1.
(2.89)
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Clearly all Yi(z) and Y
∗
i (z) are holomorphic at |z| = 1 except Y−1(z)
being multi-valued, hence one has
1
2πi
∮
|z|=1
Y ∗i (z)
dz
z
=
δi,−1
2πi
∮
|z|=1
ζ ′(z)
ζ(z)
dz = δi,−1.
By using Lemma 2.6, it is easy to see
∂ζ(z)
∂ti
= −zζ ′(z)ζ(z)i = −Y ∗i (z), (2.90)
∂2ζ(z)
∂ti1∂ti2
= Y ∗∗i1+i2(z),
∂3ζ(z)
∂ti1∂ti2∂ti3
= −Y ∗∗∗i1+i2+i3(z). (2.91)
We want to compute the third order derivatives of F with respect
to t ∪ h ∪ hˆ. To this end, let F˜ denote the integral part on the right
hand side of (2.86), then we have
∂3F˜
∂ti1 ∂ti2 ∂ti3
=
1
(2πi)2
∮ ∮
|z1|<|z2|
(
−
1
2
Y ∗∗∗i1+i2+i3(z1)ζ(z2)−
1
2
ζ(z1)Y
∗∗∗
i1+i2+i3
(z2)
−
1
2
∑
c.p.(i1,i2,i3)
(
Y ∗∗i1+i2(z1)Y
∗
i3(z2) + Y
∗
i1(z1)Y
∗∗
i2+i3(z2)
)
+ Y ∗∗∗i1+i2+i3(z1)l(z2)− l(z1)Y
∗∗∗
i1+i2+i3
(z2)
)
log
(
z2 − z1
z2
)
dz1
z1
dz2
z2
=
1
(2πi)2
∮ ∮
|z1|<|z2|
(
−
1
2
Y ∗∗i1+i2+i3(z1)ζ(z2) +
1
2
ζ(z1)Y
∗∗
i1+i2+i3(z2)
−
1
2
∑
c.p.(i1,i2,i3)
(
Y ∗i1+i2(z1)Y
∗
i3
(z2)− Y
∗
i1
(z1)Y
∗
i2+i3
(z2)
)
+ Y ∗∗i1+i2+i3(z1)l(z2) + l(z1)Y
∗∗
i1+i2+i3(z2)
)
z1
z2 − z1
dz1
z1
dz2
z2
=
1
2πi
∮ (
−
1
2
Y ∗∗i1+i2+i3(z2)<0ζ(z2) +
1
2
ζ(z2)<0Y
∗∗
i1+i2+i3
(z2)
−
1
2
∑
c.p.(i1,i2,i3)
(
Y ∗i1+i2(z2)<0Y
∗
i3
(z2)− Y
∗
i1
(z2)<0Y
∗
i2+i3
(z2)
)
+ Y ∗∗i1+i2+i3(z2)<0l(z2) + l(z2)<0Y
∗∗
i1+i2+i3(z2)
)
dz2
z2
=
1
2πi
∮ (
Y ∗i1+i2+i3(z)
(
1
2
ζ∗(z)>0 −
1
2
ζ∗(z)<0 − l
∗(z)>0 − l
∗(z)<0
)
−
1
2
∑
c.p.(i1,i2,i3)
Y ∗i1+i2(z)(Y
∗
i3
(z)>0 − Y
∗
i3
(z)<0)
)
dz
z
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=
1
2πi
∮ (
Y ∗i1+i2+i3(z)
(
1
2
Πζ∗(z)− l∗(z)
)
−
1
2
∑
c.p.(i1,i2,i3)
Y ∗i1+i2(z)zΠY
′
i3
(z)
)
dz
z
−
1
2
∑
c.p.(i1,i2,i3)
1
2πi
∮
Y ∗i1+i2(z)
dz
z
·
1
2πi
∮
Y ∗i3(z)
dz
z
= < ∂ti1 · ∂ti2 , ∂ti3 > −
1
2
∑
c.p.(i1,i2,i3)
δi1+i2,−1δi3,−1, (2.92)
where “c.p.” means “cyclic permutation”, in the second and the fourth
equalities the formula of integration by parts is used. Hence in consid-
eration of ∂tiFN,M = 0 we obtain
∂3FN,M
∂ti1 ∂ti2 ∂ti3
=
∂3F˜
∂ti1 ∂ti2 ∂ti3
+
1
2
∑
c.p.(i1,i2,i3)
δi1+i2,−1δi3,−1
=c(∂ti1 , ∂ti2 , ∂ti3 ). (2.93)
In the same way,
∂3F˜
∂ti1 ∂ti2 ∂hˆk3
=
1
(2πi)2
∮ ∮
|z1|<|z2|
(
Y ∗∗i1+i2(z1)(z2χˆ
′(z2)χˆ(z2)
M−k3−1)≤0
− (z1χˆ
′(z1)χˆ(z1)
M−k3−1)≤0Y
∗∗
i1+i2(z2)
)
log
(
z2 − z1
z2
)
dz1
z1
dz2
z2
=
1
(2πi)2
∮ ∮
|z1|<|z2|
(
Y ∗i1+i2(z1)(z2χˆ
′(z2)χˆ(z2)
M−k3−1)≤0
+ (z1χˆ
′(z1)χˆ(z1)
M−k3−1)≤0Y
∗
i1+i2
(z2)
)
z1
z2 − z1
dz1
z1
dz2
z2
=
1
2πi
∮ (
Y ∗i1+i2(z2)<0(z2χˆ
′(z2)χˆ(z2)
M−k3−1)≤0
+ (z2χˆ
′(z2)χˆ(z2)
M−k3−1)<0Y
∗
i1+i2
(z2)
)
dz2
z2
=
1
2πi
∮
Y ∗i1+i2(z)>0(zχˆ
′(z)χˆ(z)M−k3−1)<0
dz
z
=
1
2πi
∮
Y ∗i1+i2(z)≥0(zχˆ
′(z)χˆ(z)M−k3−1)≤0
dz
z
−
1
2πi
∮
Y ∗i1+i2(z)
dz
z
·
1
2πi
∮
zχˆ′(z)χˆ(z)M−k3−1
dz
z
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= < ∂ti1 · ∂ti2 , ∂hˆk3 > +δi1+i2,−1δk3,M , (2.94)
which leads to
∂3FN,M
∂ti1 ∂ti2 ∂hˆk3
= c(∂ti1 , ∂ti2 , ∂hˆk3 ).
The other cases are similar. Therefore the proposition is proved. 
Proposition 2.14. The function FN,M can be written in a coordinate
free way as
FN,M =
1
(2πi)2
∮ ∮
|z1|<|z2|
(
1
2
ζ(z1)ζ(z2)− ζ(z1)l(z2) + l(z1)ζ(z2)
)
×
× log
(
z2 − z1
z2
)
dz1
z1
dz2
z2
−
1
(2πi)2
∮
|z|=1
(
1
2
ζ(z) + l(z)
)
dz
z
×
×
∮
|z|=1
ζ(z)
(
log
ζ(z)
z
− 1
)
dz
z
+ FN,M . (2.95)
Proof. According to (1.10)–(1.11) one has
1
2πi
∮ (
1
2
ζ(z) + l(z)
)
dz
z
= −
1
2
t−1 + hˆM .
Comparing (2.95) with (2.86), we only need to show
1
2πi
∮
ζ(z)
(
log
ζ(z)
z
− 1
)
dz
z
=
∑
i≥0
tit−i−1. (2.96)
Indeed, starting from the right hand side,
r.h.s. =
1
2πi
∮
Γ
1
2
(
log
z(ζ)
ζ
)2
dζ
=−
1
2πi
∮
|z|=1
ζ(z) log
z
ζ(z)
(
1
z
−
ζ ′(z)
ζ(z)
)
dz
=
1
2πi
∮
|z|=1
ζ(z) log
ζ(z)
z
dz
z
+
1
2πi
∮
Γ
log
z(ζ)
ζ
dζ
=
1
2πi
∮
|z|=1
ζ(z) log
ζ(z)
z
dz
z
+ t−1 = l.h.s. (2.97)
Thus the proposition is proved. 
2.4. The Euler vector field. We are to fix a Euler vector field on
MN,M and show the quasi-homogeneity property of FN,M , which will
imply that MN,M is really a Frobenius manifold.
Let us assign a degree to each of the flat coordinates:
deg ti = −i, i ∈ Z \ {0}; deg et
0
=
1
N
− 1; (2.98)
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deg hj =
j
N
, 1 ≤ j ≤ N − 1; (2.99)
deg ehˆ
0
= 1 +
M
N
; deg hˆk =
k
M
, 1 ≤ k ≤M (2.100)
and introduce the following vector field
EN,M =−
∑
i∈Z\{0}
i ti
∂
∂ti
−
N − 1
N
∂
∂t0
+
N−1∑
j=1
j
N
hj
∂
∂hj
+
+
M∑
k=1
k
M
hˆk
∂
∂hˆk
+
(
1 +
M
N
) ∂
∂hˆ0
. (2.101)
Proposition 2.15. The function FN,M satisfies
LieEN,MFM,M = 2FN,M + quadratic terms in flat coordinates. (2.102)
Proof. If we assume deg z = 1/N besides (2.98)–(2.100), then each of
the functions ζ(z) and l(z) are homogeneous of degree 1, hence FN,M
given in (2.95) has degree 2 modulo quadratic terms. The proposition
is proved. 
Up to now, we have shown that MN,M is a Frobenius manifold, on
which the potential is FN,M , the unity vector filed is e = ∂/∂hˆM and
the Euler vector field is EN,M .
From the proof of the above proposition, one also sees(
EN,M +
z
N
∂
∂z
)
ϑ(z) = ϑ(z) (2.103)
for ϑ(z) ∈ {a(z), aˆ(z), ζ(z), l(z)}. Hence EN,M is equal to the following
vector filed
EN,M =
∑
r≤N−1
(
1−
r
N
)
vr
∂
∂vr
+
∑
s≥−M
(
1−
s
N
)
vˆs
∂
∂vˆs
. (2.104)
By using (2.3), one can represent EN,M to the form of Laurent series as
EN,M =
(
a(z)−
z
N
a′(z), aˆ(z)−
z
N
aˆ′(z)
)
. (2.105)
We remark that one can start from the formula (2.105), then deduce
(2.101) and (2.102) with the help of relevant result in [17].
2.5. Proof of Main Theorem. According to Corollary 2.10, Propo-
sitions 2.5 and 2.13–2.15, one sees that MN,M is a Frobenius manifold
with properties required by the Main Theorem in Section 1. To prove
the Main Theorem, we only need to show the semisimplicity ofMN,M .
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With the same method as in [7], let
du(p) =
aˆ′(p)
ζ ′(p)
da(p)−
a′(p)
ζ ′(p)
daˆ(p), p ∈ S1 (2.106)
which is a generating function for a basis of the cotangent space T ∗aMN,M .
By using (2.11) and (2.58), one can check
< du(p), du(q) >∗= f(p)δ(p− q), (2.107)
du(p) · du(q) = f(p)δ(p− q) du(p), (2.108)
where
f(p) = −p2
a′(p)aˆ′(p)
ζ ′(p)
and δ(p− q) =
∑
k∈Z
(
pk/qk+1
)
is the formal delta function such that
1
2πi
∮
|q|=1
f(q)δ(p− q)dq = f(p).
The formula (2.108) implies that at a generic points there is no nilpo-
tent elements in the Frobenius algebra T ∗aMN,M , hence the Frobenius
algebra T ∗aMN,M is semisimple and so is TaMN,M . That is to say, the
Frobenius manifold MN,M is semisimple. We thus complete the proof
of the Main Theorem. 
2.6. The intersection form. Now let us consider the intersection
form of MN,M , which is closely related to the theory of integrable
hierarchies. Being analogous to finite-dimensional cases, we define the
intersection form on the cotangent space T ∗aMm,n by(
dα(p), dβ(q)
)∗
:= iEN,M
(
dα(p) · dβ(q)
)
, α, β ∈
{
a, aˆ
}
. (2.109)
Proposition 2.16. For α, β ∈
{
a, aˆ
}
it holds that(
dα(p), dβ(q)
)∗
=
p q
p− q
(
α′(p)B(β(q))− B(α(p))β ′(q)
)
, (2.110)
where B(α(p)) = α(p)−
p
N
α′(p).
Proof. Substituting (2.58) into (2.109) and using (2.103), we have(
dα(p), dβ(q)
)∗
= 〈EN,M , dα(p) · dβ(q)〉
=
p q
p− q
(α′(p)〈EN,M , dβ(q)〉 − β
′(q)〈EN,M , dα(p)〉)
=
p q
p− q
(
α′(p)
[
β(q)−
q
N
β ′(q)
]
− β ′(q)
[
α(p)−
p
N
α′(p)
])
,
=
p q
p− q
[α′(p)β(q)− α(p)β ′(q)] +
p q
N
α′(p)β ′(q)
which is exactly (2.110). The proposition is proved. 
28
The intersection form, in the same way as for the flat metric (2.11),
induces a linear map
g : T ∗aMN,M → TaMN,M (2.111)
such that
〈ω1, g(ω2)〉 = (ω1,ω2)
∗ (2.112)
for any ω1,ω2 ∈ T ∗aMN,M .
Lemma 2.17. The linear map g defined by (2.111)–(2.112) is a bijec-
tion.
Proof. The proof is very similar with that of Lemma 2.3.
On the one hand, according to (2.9) one has
g(dβ(q)) =
(
(dβ(q), da(z))∗, (dβ(q), daˆ(z))∗
)
, β ∈ {a, aˆ}.
Hence for arbitrary ω = (ω(z), ωˆ(z)) ∈ T ∗aMm,n, by using (2.10) we
have
g(ω)(z) =
1
2πi
∮
|q|=1
[
ω(q)g(da(q)) + ωˆ(q)g(daˆ(q))
]dq
q
=
(
za′(z)
[
ω(z)B(a(z)) + ωˆ(z)B(aˆ(z))
]
<0
− zB(a(z))
[
ω(z)a′(z) + ωˆ(z)aˆ′(z)
]
<0
,
− zaˆ′(z)
[
ω(z)B(a(z)) + ωˆ(z)B(aˆ(z))
]
≥0
+ zB(aˆ(z))[ω(z)a′(z) + ωˆ(z)aˆ′(z)]≥0
)
(2.113)
which implies that g is surjective.
On the other hand, given any X = (X(z), Xˆ(z)) ∈ TaMN,M , we
want to solve the equation
X = g(ω),
i.e.,
X(z) = za′(z)
[
ω(z)B(a(z)) + ωˆ(z)B(aˆ(z))
]
<0
−zB(a(z))
[
ω(z)a′(z) + ωˆ(z)aˆ′(z)
]
<0
,
Xˆ(z) = −zaˆ′(z)
[
ω(z)B(a(z)) + ωˆ(z)B(aˆ(z))
]
≥0
+zB(aˆ(z))[ω(z)a′(z) + ωˆ(z)aˆ′(z)]≥0.
Denote
Θ(z) =
aˆ′(z)X(z)− a′(z)Xˆ(z)
z[a(z)aˆ′(z)− a′(z)aˆ(z)]
. (2.114)
It is straightforward to check
Θ(z) = (ω(z)a′(z))≥0 − (ωˆ(z)aˆ
′(z))<0. (2.115)
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Observe
1
a′(z)
=
(
1
a′(z)
)
≤−N+1
,
1
aˆ′(z)
=
(
1
aˆ′(z)
)
≥M+1
then by using (2.115) we obtain
ω(z) = ω(z)>−N =
(
1
a′(z)
(ω(z)a′(z))≥0
)
>−N
=
(
1
a′(z)
Θ(z)≥0
)
>−N
,
(2.116)
ωˆ(z) = ωˆ(z)≤M =
(
1
aˆ′(z)
(ωˆ(z)aˆ′(z))<0
)
≤M
= −
(
1
aˆ′(z)
Θ(z)<0
)
≤M
.
(2.117)
It follows that g is injective. The lemma is proved. 
With the help of the bijection g, a bilinear form on the tangent space
TaMN,M can be defined as(
∂1, ∂2
)
:= 〈g−1(∂1), ∂2〉 =
(
g−1(∂1), g
−1(∂2)
)∗
. (2.118)
By using (2.116)–(2.117), a short computation leads to
Proposition 2.18. For any ∂1, ∂2 ∈ TaMN,M ,
(
∂1, ∂2
)
=
1
2πi
∮
|z|=1
(
∂1a(z)
a′(z)
− ∂1aˆ(z)
aˆ′(z)
)
·
(
∂2a(z)
a′(z)
− ∂2aˆ(z)
aˆ′(z)
)
a(z)
a′(z)
− aˆ(z)
aˆ′(z)
dz
z2
. (2.119)
2.7. Reduction to finite-dimensional Frobenius manifolds. At
the end of this section, we want to discuss the connection between the
infinite-dimensional Frobenius manifolds MN,M and Frobenius mani-
folds of finite dimension.
Recall that MN,M is parameterized by two functions ζ(z) and l(z).
If ζ(z) is fixed (hence all ti fixed), then we get a submanifold ofMN,M ,
which is (M +N)-dimensional and has coordinate h∪ hˆ. For instance,
given an arbitrary constant ǫ 6= 0, we let ζ(z) = ǫz and have the
following submanifold
N ǫN,M =
{
(a(z), aˆ(z)) = (l(z), l(z) − ǫz) | l(z) = zN +
N−1∑
k=−M
vkz
k
}
⊂MN,M .
(2.120)
Here for simplifying notations we write N ǫ instead of N ǫN,M . Clearly
N ǫ is a flat submanifold with a metric induced by the metric (2.29) on
MN,M . It follows from (2.95) that
FN,M |N ǫ = FN,M − ǫ resz=0l(z). (2.121)
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However, for general N andM the induced 3-point correlator functions
do not satisfy the WDVV associativity equations (1.1) (errors come
from the first term on the right hand side of (2.73)). Hence N ǫ is not
a Frobenius submanifold in Strachan’s sense [20].
Let ǫ → 0, which means that the curve Γ = ζ(z)|S1 shrinks to a
point, then
FN,M |N ǫ → FN,M , (2.122)
and we obtain a Frobenius manifold structure N 0 that is given by the
potential FN,M together with the unity vector field e = ∂/∂hˆ
M and
Euler vector field
E =
N−1∑
j=1
j
N
hj
∂
∂hj
+
M∑
k=1
k
M
hˆk
∂
∂hˆk
+
N +M
N
∂
∂hˆ0
.
Namely, we recover the structure of Frobenius manifoldM(A˜M+N−1;N)
on the orbit space of the extended affine Weyl group W˜ (N)(AM+N−1),
see [17]. Strictly speaking, N 0 does not belong toMN,M but to certain
compaction of it (we remark that the abused notion “submanifold” in
[26] can also be understood in this way).
In fact, the above approach that reduces the Frobenius manifold
MN,M to N
0 is natural from the viewpoint of Hamiltonian structures.
As to be seen in the following section, on MN,M it is associated with
the bi-hamiltonian structure for the dispersionless Toda lattice hier-
archy, which is reduced to the bi-hamiltonian structure (associated to
M(A˜M+N−1;N) ) for the dispersionless extended bigraded Toda hier-
archy under the constraint a(z) = aˆ(z), see [25] for details.
3. Relation to dispersionless Toda lattice hierarchy
Let us study how the infinite-dimensional Frobenius manifolds con-
structed above are related to the Toda lattice hierarchy.
In this section we work on the loop space LMN,M of smooth maps
from S1 toMN,M . More precisely, the space LMN,M consists of points
a = (a(z, x), aˆ(z, x)) of the form (1.6) with coefficients vi and vˆj being
smooth functions of x ∈ S1 constrained by the conditions (M1)–(M3).
The tangent and the cotangent spaces of LMN,M are identified with
spaces of Laurent series in a natural way as (2.2) and (2.4), respec-
tively. Thereby the pairing between a covector ω = (ω(z, x), ωˆ(z, x)) ∈
T ∗aLMN,M and a vector X = (X(z, x), Xˆ(z, x)) ∈ TaLMN,M reads
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(cf. (2.5))
〈ω,X〉 =
1
2πi
∮
x∈S1
∮
|z|=1
[
ω(z, x)X(z, x) + ωˆ(z, x)Xˆ(z, x)
]dz
z
dx.
(3.1)
To avoid lengthy notations, we will write α(z) instead of α(z, x) when-
ever no confusion would happen.
Let
λ(z) = a(z)1/N = z +
1
N
vN−1 +O(z
−1), |z| → ∞; (3.2)
λˆ(z) = aˆ(z)1/M = vˆ
1/M
−M z
−1 +
vˆ−M+1
Mvˆ
(M−1)/M
−M
+O(z), |z| → 0. (3.3)
A hierarchy of evolutionary equations on the loop space LMN,M is
defined as follows:
∂a(z)
∂sn
= {(λ(z)n)≥0, a(z)},
∂aˆ(z)
∂sn
= {(λ(z)n)≥0, aˆ(z)}, (3.4)
∂a(z)
∂sˆn
= {−(λˆ(z)n)<0, a(z)},
∂aˆ(z)
∂sˆn
= {−(λˆ(z)n)<0, aˆ(z)}, (3.5)
where n = 1, 2, 3, . . . and the Lie bracket reads{
f, g
}
:= z
(
∂f
∂z
∂g
∂x
−
∂g
∂z
∂f
∂x
)
. (3.6)
This hierarchy is the dispersionless limit of the Toda lattice hierarchy
[23, 22].
In fact, equations (3.4)–(3.5) can be defined equivalently with (a(z), aˆ(z))
replaced by (λ(z), λˆ(z)). Based on this fact, denote vˆ
1/M
−M = e
u, then
equations (3.4)–(3.5) yields
∂s1e
u =
1
N
eu∂xvN−1,
1
N
∂sˆ1vN−1 = ∂xe
u.
Eliminating vN−1, one has
∂s1∂sˆ1u = ∂
2
xe
u, (3.7)
which is rewritten to (1.1) with t = s1 + sˆ1 and y = s1 − sˆ1.
Consider the following space of local functionals on LMN,M :
F =
{
F =
∫
S1
f(vN−1(x), vN−2(x), . . . , vˆ−M(x), vˆ−M+1(x), . . . ) dx
}
.
For any F ∈ F , its variational gradient dF is a covector field on
LMN,M such that δF = 〈dF, δa〉.
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As derived by one of the authors in [25], the loop space LMN,M is
equipped with two compatible Poisson brackets{
F,H
}
ν
= 〈dF,Pν(dH)〉, ν = 1, 2 (3.8)
for any F,H ∈ F , where Pν : T ∗aLMN,M → TaLMN,M are Hamilton-
ian operators. More exactly, for any covector ω = (ω(z, x), ωˆ(z, x)) ∈
T ∗aLMN,M we have
P1(ω(z), ωˆ(z))
=
(
− {(ω(z) + ωˆ(z))<0, a(z)}+ ({ω(z), a(z)}+ {ωˆ(z), aˆ(z)})≤0,
{(ω(z) + ωˆ(z))≥0, aˆ(z)} − ({ω(z), a(z)}+ {ωˆ(z), aˆ(z)})>0
)
,
(3.9)
P2(ω(z), ωˆ(z))
=
(
− {(a(z)ω(z) + aˆ(z)ωˆ(z))<0, a(z)} + a(z)({ω(z), a(z)} + {ωˆ(z), aˆ(z)})≤0,
{(a(z)ω(z) + aˆ(z)ωˆ(z))≥0, aˆ(z)} − aˆ(z)({ω(z), a(z)} + {ωˆ(z), aˆ(z)})>0
)
+ (za′(z)∂xf, zaˆ
′(z)∂xf) (3.10)
with
f =
1
N
1
2πi
∮
|z|=1
(
ω(z)a′(z) + ωˆ(z)aˆ′(z)
)
dz.
The fact that Pν(ω(z), ωˆ(z)) takes value in zN−1H− × z−MH+ (see
(2.2)) follows from the form of (a(z), aˆ(z)) and of the Lie bracket (3.6);
the only doubt might be the first component of (3.10), in which the
coefficient of zN is
1
2πi
∮
|z|=1
(
{ω(z), a(z)}+ {ωˆ(z), aˆ(z)}
)dz
z
+N ·
1
N
1
2πi
∂x
∮
|z|=1
(
ω(z)a′(z) + ωˆ(z)aˆ′(z)
)
dz
=
1
2πi
∮
|z|=1
(
ω′(z)∂xa(z) + ω(z)∂xa
′(z) + ωˆ′(z)∂xaˆ(z) + ωˆ(z)∂xaˆ
′(z)
)
dz
=
1
2πi
∮
|z|=1
∂z
(
ω(z)∂xa(z) + ωˆ(z)∂xaˆ(z)
)
dz = 0.
One observes the slight difference between these Poisson structures and
those given in [5] and [7] for M = N = 1.
Proposition 3.1 ([25]). The dispersionless Toda lattice hierarchy (3.4)–
(3.5) can be represented to a bi-hamiltonian form as
∂F
∂sn
= {F,Hn+N}1 = {F,Hn}2,
∂F
∂sˆn
= {F, Hˆn+M}1 = {F, Hˆn}2
(3.11)
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with n = 1, 2, 3, . . . and
Hn =
N
n
1
2πi
∮
S1
∮
|z|=1
λ(z)n
dz
z
dx, Hˆn =
M
n
1
2πi
∮
S1
∮
|z|=1
λˆ(z)n
dz
z
dx.
(3.12)
Proposition 3.2. The bi-hamiltonian structure (3.9)–(3.10) coincides
with the one induced by the pencil consisting of the metric (2.11) and
the intersection form (2.110) on MN,M .
Proof. We introduce two generating functions for local functionals
a(p, y) = pN +
∑
i≤N−1
vi(y)p
i, aˆ(p, y) =
∑
j≥−M
vˆj(y)p
j. (3.13)
Their variational gradients are (cf. (2.7)–(2.8)) respectively
da(p, y) =
(
pN
zN−1(p− z)
δ(x− y), 0
)
, |z| < |p|; (3.14)
daˆ(p, y) =
(
0,
zM+1
pM(z − p)
δ(x− y)
)
, |z| > |p|. (3.15)
Substituting them into (3.8), then by a straightforward calculation we
have
{α(p, x), β(q, y)}1 =
pq
p− q
(
α′(p)− β ′(q)
)
δ′(x− y)
+ pq
(
∂xα(p)− ∂xβ(q)
(p− q)2
−
∂xβ
′(q)
p− q
)
δ(x− y),
(3.16)
{α(p, x), β(q, y)}2 =pq
(
α′(p)β(q)− α(p)β ′(q)
p− q
+
α′(p)β ′(q)
N
)
δ′(x− y)
+ pq
(
∂xα(p) · β(q)− α(p)∂xβ(q)
(p− q)2
+
α′(p)∂xβ(q)− α(p)∂xβ ′(q)
p− q
+
α′(p)∂xβ
′(q)
N
)
δ(x− y),
(3.17)
where α, β ∈ {a, aˆ}. These Poisson brackets are of hydrodynamic type
[16].
Observe that the coefficients of δ′(x − y) in (3.16)–(3.17) are ex-
actly the same with the generating functions for the metrics (2.11) and
(2.110) on the Frobenius manifold MN,M . Therefore, according to the
theory of [16, 13], the proposition is proved. 
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One can see that the densities of Hamiltonian functionals Hn (n =
1, 2, . . . , N) and Hˆm (m = 1, 2, . . . ,M) are multiple or linear combina-
tion of flat coordinates in
{hj | j = 1, . . . , N − 1} ∪ {hˆk | k = 1, . . . ,M} ∪ {ti}.
By virtue of the bi-hamiltonian recursion relations (3.11), we conclude
that the dispersionless Toda lattice hierarchy (3.4)–(3.5) is a subhier-
archy of the principal hierarchy associated to the infinite-dimensional
Frobenius manifold MN,M .
In order to write down the whole principal hierarchy for MN,M ,
one needs to find flat coordinates for the deformed flat metric on this
infinite-dimensional Frobenius manifold, which is still open in general.
We remark that Carlet and Mertens [9] obtained the principal hier-
archy for the infinite-dimensional Frobenius manifold M0 (cf. M1,1)
constructed in [7].
Remark 3.3. In [2] Boyarsky et al. derived a system of WDVV as-
sociativity equations satisfied by the logarithm of tau function of the
dispersionless Toda lattice hierarchy (see also [3, 4]). It is interesting
to compare solutions to their associativity equations and the potential
FN,M given in the present paper. This might be clarified from an an-
swer to a more general question, that is, as indicated at the end of [7],
how to extend the potential FN,M to the so called topological solution of
the principal hierarchy associated toMN,M . We will study it elsewhere.
4. Conclusions and remarks
We have obtained a class of infinite-dimensional Frobenius manifolds
for the dispersionless Toda lattice hierarchy, which generalizes the con-
struction of [7]. Moreover, from these infinite-dimensional manifolds
we rederive the structure of Frobenius manifolds that were constructed
on the orbit space of extended affine Weyl groups of type A in [17].
This relationship is consistent with the relation between the Toda lat-
tice and the extended bigraded Toda [6, 23] hierarchies as well as their
bi-hamiltonian structures [25].
In the particular case N = M = 1, our Frobenius manifold M1,1 is
not exactly the same with M0 given in [7]. by a slight difference (see
(2.11) and (2.12)). Up to now we do not see any direct connection
between these two Frobenius manifolds, which might be hinted by the
intertwining operators in [25] that relate the r-matrices on a Lie algebra
for constructing Hamiltonian structures for the Toda lattice hierarchy.
Such Hamiltonian structures deduced from different r-matrices proba-
bly imply some other infinite-dimensional Frobenius manifolds besides
M1,1 and M0. We plan to consider these questions in the future.
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The analogy between the Frobenius manifolds underlying the Toda
lattice and the two-component BKP hierarchies is clear. In fact, the
potential Fm,n of the infinite-dimensional Frobenius manifold in [26]
labeled by positive integers m and n can be written more rigorously as
Fm,n =
(
1
2πi
)2 ∮ ∮
|z1|<|z2|
(
1
2
ζ(z1)ζ(z2)− ζ(z1)l(z2) + l(z1)ζ(z2)
)
×
× log
(
z2 − z1
z2
)
dz1dz2 + Fm,n,
where ζ(z) and l(z) are certain even functions similar as (1.7), and Fm,n
is the potential of the Frobenius manifold defined on the orbit space of
the Coxeter group of type Bm+n, see [1, 13, 27] for details. Note that the
replacement of the factor log(z2−z1) in [26] (see (1.19)) by log
(
z2−z1
z2
)
does not change the result due to the residue of an even function al-
ways vanishes. It shows that the approach in [7, 26] and the present
paper is indeed efficient for constructing infinite-dimensional Frobenius
manifold related to two-component difference or differential integrable
hierarchies. What is more, in such constructions, infinite-dimensional
Frobenius manifolds can be naturally connected to Frobenius manifolds
of finite dimension. We hope that this observation provides a hint to
enlarge the family of infinite-dimensional Frobenius manifolds, as well
as to understand their relation with the Frobenius manifolds given in
[19, 21].
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